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Preface 



The nonlinear a-model is a field theory whose action is a energy functional 
of maps from a space-time to a Riemannian manifold. This theory is used in 
particle physics and condensed-matter physics as low-energy effective theo- 
ries. The solutions of its equation of motion are called harmonic maps, which 
are important object in geometry. If the dimension of the space-time is 1 + n 
(this means one time-variable and n space-variables) and the Riemann man- 
ifold is a Grassmann manifold, it is called the nonlinear Grassmann model 
in (1 + n) dimensions. 

The nonlinear Grassmann model in (1 + 1) dimensions is a very interesting 
theory and is investigated in huge amount of papers. In particular, it has 
integrable structures such as a Lax-pair, an infinite number of conserved 
currents, a wide class of exact solutions and so on [[Zak|| . Moreover, this 
model carries instantons which exhibit many similarities to instantons of 
the four-dimensional Yang- Mills theory ||Zak|| , ||Rai|| . In view of these rich 
structures, it may be natural to investigate the structures of the nonlinear 
Grassmann models in higher dimensions. 

We are interested in integrable structures of the nonlinear Grassmann 
models in higher dimensions. However, we find that it is hard to study the 
higher- dimensional models in a similar way as (l + l)-dimensional one because 
it is difficult to extend the concepts of integrability such as zero-curvature 
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conditions to higher dimensions. 

In these circumstances, O. Alvarez, L. A. Ferreira and J. S. Guillen pro- 
posed a new approach to higher-dimensional integrable theories [ |A1^'G1|| (see 
also in 1997. They defined a local integrability condition in higher 

dimensions as the vanishing of a curvature of a trivial bundle over a path- 
space. They investigated the condition for the nonlinear CP^-model in (1+2) 
dimensions. Then they found an integrable submodel of the nonlinear CP^- 
model in (1 + 2) dimensions. We call it the CP^-submodel for short. The 
CP^-submodel possesses an infinite number of conserved currents and a wide 
class of exact solutions. Moreover, solutions of the CP^-submodel are also 
those of the nonlinear CP^-model. Thus, by analysing the submodel, we can 
investigate hidden structures of the original model. 

After AFG's proposal, the theory of integrable submodels has been gen- 
eralized and applied to some interesting models in physics to find new non- 
perturbative structures jGMq] , |FH51 , |FH5^ , fFg, jAFZll , 

||A1^'Z2|| , Pi^ ], jFGi , 0, [|Fg. Therefore it is expected that the theory of 
submodels open a new way to develop exact methods in higher-dimensional 
field theories. 

In this thesis, we investigate various integral submodels and generalize 
them. We use the word "integrable" in the sense of possessing an infinite 
number of conserved currents. 

This thesis consists of three parts. In part I, we study the submodel of the 
nonlinear CP^-model and the related submodels in (1 + 2) dimensions. We 
give an explicit formula of the conserved currents with a discrete parameter 
by using a more general potential than one introduced in |[AFG1|| . This gener- 
alized formula implies the conserved currents of the CP^-submodel which are 
associated with the spin j representation of SU{2). Next, we define submod- 
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els of related models to the nonlinear CP^-model. The generalized formula 
mentioned above also implies the conserved currents of these submodels. 

In part II, we construct integrable submodels of the nonlinear Grassmann 
models in any dimension. We call them the Grassmann submodels. We define 
a Grassmann manifold as a set of projection matrices. Then we find that 
the tensor product of matrices is a key to define integrable submodels. To 
show that our submodels are integrable, we construct an infinite number of 
conserved currents in two ways. One is that we make full use of the Noether 
currents of the nonlinear Grassmann models. The other is that we use a 
method of multiplier. We pull back a 1-form on the Grassmann manifold to 
the Minkowski space. Then we study conditions which make the pull-backed 
form a conserved current. These conditions are especially noteworthy in 
the case of the CP^-submodel. As a result, we find a generic form of the 
conserved currents of the CP^-submodel. Next we investigate symmetries 
of the Grassmann submodel. By using the symmetries, we can construct a 
wide class of exact solutions for our submodels. 

In part III, keeping some properties of our submodels, we generalize our 
submodels to higher-order equations. The generic form of the conserved cur- 
rents and symmetries of our submodels studied in part II become clearer by 
this generalization. First we prepare the Bell polynomials and the gener- 
alized Bell polynomials which play the most important roles in our theory 
of generalized submodels. The Bell polynomials were introduced by E. T. 



Bell [ Bel] ]. These polynomials are used in the differential calculations of 
composite functions. Next we generalize the CP^-submodel to higher-order 
equations. By introducing a "symbol" of the Bell polynomials, we can con- 
struct an infinite number of conserved currents of the generalized submodels 
by some simple calculations only. To construct exact solutions of our gener- 
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alized submodels, we generalize a method discovered by V. I. Smirnov and 
S. L. Sobolev. Moreover, we also investigate symmetries of the generahzed 
submodels. Lastly we generalize the Grassmann submodel to higher-order 
equations. By using the generalized Bell polynomials, we can show that the 
generalized Grassmann submodels are also integrable. As a result, we ob- 
tain a hierarchy of systems of integrable equations in any dimension which 
includes Grassmann submodels. These results lead to the conclusion that 
the integrable structures of our generalized submodels are closely related to 
some fundamental properties of the Bell polynomials. 
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Chapter 1 



A Submodel of the Nonlinear 
Cpl-Model 

In 1997, Alvarez, Ferreira and Guillen in the interesting paper |[AFG1|| pro- 
posed a new idea to generalize the method in two dimensions. In particular 
they defined a three dimensional integrability and applied their method to 
the CP^-model in (1 + 2) dimensions to obtain an infinite number of nontriv- 
ial conserved currents. But they have not calculated all forms of conserved 
currents. In this chapter, we give explicit forms of conserved currents of a 
submodel of the CP^-model and also apply their method to other nonlinear 
sigma models in (1 + 2) dimensions to obtain an infinite number of nontrivial 
conserved currents. 

1.1 AFG's Local Integrability Condition in 
(1 + 2) Dimensions 

Let M be (1 + 2) -dimensional Minkowski space and q a Lie algebra. We 
introduce a connection form with valued g and a 0-valued anti-symmetric 
tensor field B,.i, on M. We define the curvature and the covariant derivative 
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with respect to A^. 

F^^u = d^A, - d,A^ + [A^, A,], (1.1) 
D^B^^ = d^B^^ + [A^,B^^l (1.2) 



where 



5M^1,M-A^^^ ^ith e°i2 ^ 1 = -eoi2. (1.3) 



We define a local integrability condition according to [|AFG1|| . If g = g © p 



with a semisimple Lie subalgebra and p an abelian ideal of g, then, the 
local integrabihty condition is defined as follows: 

e g, B^, e p, (1.4) 

F^, = and D^B^ = {]. (1.5) 

Because of the fiatness of A^, we can write 

A^ = -d^WW-\ (1.6) 

where is a function on M having values in the Lie group G corresponding 
to g. 

Now we consider the case when g is given by an abelian extension of g. 
Let be a representation of g, i? : g ^ 0^(-P); where P is a representation 
space. The construction of g is 

O^P^g^g^O. (1.7) 

Let {To} be a basis of g and {Pj} of P. The commutation relations in g are 

[Ta,Pi]= PJRJ^{Ta), (1.8) 



where /^^ denote the structure constants of g and Rji the matrix elements of 
R. This means that is a semi-direct sum of a Lie algebra g and an abelian 
Lie algebra P. 

We choose and B^^i, as 

A^eg and B^, e P (1.9) 

and we suppose that they satisfy (p..5|). Then the current 

= W-'B^W (LIO) 

is conserved by virtue of the equality 

d^Jf" = W-^Df^B^W = 0, (Lll) 

where W-^B^W = Tl{W~^)B^ and 7^ : G ^ GL{P) such that dR = R. 
On the other hand, since E P 

dimP 

< < dimP} is a set of conserved currents. Therefore if there are 
infinitely many different representations i?, we get an infinite number of 
conserved currents. 

1.2 AFG's Definition of the CP^-submodel 

In this section we consider the CP^-model in (1+2) dimensions as an effective 
example of the preceding theory. CP^ (1-dimensional complex projective 
space) is identified with SU{2)/U{1) and the embedding i : CP^ SU{2) 
is 
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But according to |A.b'Gl|, we set v = iu (-u G C) to obtain 



i(Cpi) = <; g{u) = -jJ— ( 7 ]\ueC\. (1.14) 



u\ 



This form becomes useful later on. We note here that CP^ is identified with 
the projection space 

CP' = M{SU{2)).(^^ (1.15) 
For g{u) E i{CP^) C SU{2), we have 

The action of the CP^-model in (1 + 2) dimensions is given by 



where u : M^+^ — > C. Its equation of motion i 



is 



l + \u\^)d''d^u-2ud''ud^u = 0. (1.18) 



This model is invariant under the transformation 



u-^-. (1.19) 



u 



It is well-known that this model has three conserved currents (Noether cur- 
rents) 



■^r^* = q + u|2^2 (^M^^ - ^^M^)' (1-20) 



^■/^ = (l+)^|2)2 (^M^ + (1-21) 

and the complex conjugate j^, (1-22) 



corresponding to the number of generators of SU{2). 

To begin with, we apply the preceding theory to the CP^-modeL Let Q 
be s[(2,C), the Lie algebra of SL{2,C). Let {T+,T_,T3} be generators of 
s[(2,C) satisfying 

[T3,T+]=T+, [T3,T_] = -T_, [T+,T_] = 2T3. (L23) 

Usually we choose 

^-^(-). --Ki-°0- <^-^^' 

From here we consider a spin j representation of s[(2,C). Then q in (|1.8|) is 
given by 

[T±, Pj^^] = Vjij + l)-m{m±l)P;^l, (L25) 

where m G {— j, — j + 1, ■ ■ ■ , j — 1, j} and {Pm^\ — j < m < j} is a set of 
generators of the representation space P ^ C^i+\ We note that P^^^ {P[j) 
is the highest (lowest) spin state. Now we must choose gauge fields A^, B^^ 
or A^, Bfj_ to satisfy ([L5| ). From ( |L14D , we set 



and choose 



^ {zd^uT+ + id^uT. + {d^uu-ud^u)T3}, (L27) 



1 + 



^i'^ = ^^(9,«P«-9,t.PiV). (1.28) 
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Remark 1.1. The Gauss decomposition ofW in ( 1.26 ) is given by 

W = Wi = e»^+e^^^e*"'^- (1.29) 



or 



W = W2 = e^"^-e-'^^3e'"'^+ 



:i.3o) 



where (p = log (1 + \u\ 



Now it is easy to show that the CP^-model satisfies the local integrability 
conditions 

F^^ = and D^fi'^(^) = (1.31) 
from ( |1.27| ) and ( |1.28D . Therefore the conserved currents ( |1.10| ) are 

J« ^ W~'Bl!^W = j,Pi'^ - V^a;^-*P(^^ - j,Pi\\ (1.32) 



where coefficients are given by ( p..20| ), ( |1.21|) , ( |1.22|) . Next we consider more 
extended situation than in (|1.27| ), (|1.28|) . That is, we choose 

1 



" l + |uP 



{d^uPi'^ ~ d^uP^'l) (j = l,2 



:i.33) 



instead of B^}'^ in ( [OHI) . In this case P^''^ (P-i) is not the highest (lowest) 
spin state unless j = 1. If we assume D^Bf'^^'^ = 0, where 
1 



]{] + 1) - 2 {-idf^ud^uP^^' + id^ud^uP^^ 



^1+ |«|2)2 

+{(1 + \u\^)d^'d^,u - 2ud^ud^u}p[^'^ 
+{(1 + \u\'^)d^'d^u - 2ud''ud^u}p[^l 



;i.34) 



we must add a new constraint in addition to the equation of motion ( 1.1^ 
{1 + \u\^)d''d^u - 2ud''ud^u = and df'ud^u = 0. 



Namely 

dt^d^u = and d''ud^u = 0. (1.35) 
We call these equations a submodel of the CP^-model (or the CP^ -submodel 



for short) the according to |[AFG1|| . Then the conserved currents are 



Ji') ^ W-'Bl^^W = J2 j'ii'^Pk^- (1-36) 

k=-j 

In [ AFG1 | they determined {J^i'^^ |A;| < j} for j = 1, 2, 3 only and left the 



remaining cases. We determine these for any j G N in the following section. 

1.3 Formulas for a Generalized Potential 

We generalize the B^i"* in the preceeding section to the following formula; 

where m G {1, ■ ■ ■ , j}. For m = 1, B^i'^^ reduces to 5^^^ in ( |1.33| ). We shall 

calculate "conserved currents with a parameter m" : 

i 

j(j;m) ^ W-^B(X,rrOw = ^ J^^'"*) (A;)P^^l (1.38) 

k=-j 

Theorem 1.2. we have 
(a) for k>0, 
(i) 0<k<m, 



j(--Hk) = l (J + k)\{j-kV. 1 

^ ^ ^ ^' (j+m)!(j-m)!(l + |M|2)J+i 



3-m 



X \ Y^an{m,k)\u\''''{-iu)'^-^d^u 

=0 

j-m 

-{-iy'--Y,<^3-m-n{m,k)\n?''{-^ur^''d^u \ , (1.39) 



n=0 
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(a) m <k < j, 

{j + m)\{j — ra)\ {—iu)^~'^ 



X 



{3 + k)\{3-k)\ (l + |M|2)i+i 
y^a^(A;,m)|Mp"(9^M 

.n=0 

3-k ^ 

-{-iy-^Y,<^^-k-n{Krn)\u\^^{-iuf^d,u \ , (1.40) 

n=0 J 

where 

„„K.).(-ir(-;")(„ir-0- 

("6; For k <0, 

j(r,rn)[k) = {-lf+"'+'jl''"'^\-k). (1.42) 

Remark 1.3. We have simple relations: 

{j + m)\{j -m)\ 
an{m,-k) = Q'n(A:,-m), (1.43) 

a,_^_„(m,fc) = (-l)^-™a,(m,-A;). (1.44) 

These formulas are also useful in our calculations. 

Proof: For simplicity, we put C^,^ = \/ j{j + 1) — m{m ± 1). Then, we 
have 



TJMj) _ i ij + s + m)\{j-m)\ 



a=l 



TT^O) _ l ij + s + m)\{j-s-m + l)\ 

l\ '^+'-''+^+- y (j _ s - m)!(j + s + m - 0! ■ ^ ^ ^ 
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By using two- type of the Gauss decomposition ( |1.29| ), ( |1.3(J| ) 

W = Wi = W2 

and a formula 

7^(e^)r = exp (R(X))r = Y+[X,Y] + [X, ¥]] + ■■■, (1.48) 
we have 

1 + |np 1 + \uY 

j—mj+s+m ^ ^ ' 

~ ^ fl + kp^s+n^+l n ^+,a-l+m Y\. ^ 

s=0 1=0 ■ ■ ^ ' ' a=l 6=1 



,—b+s+m 
if) .-.pd) 



^-0 s!/! (1 + (j - s - m)! y (j + m)\{i + s + m - /)! 

We put k = s — I + m and calculate jl^'"^\k). 
(i) In the case of < A; < m, we note 

{-iuYi-iuY = (1.49) 

and 



i V- (j-g-m)! , ,2,--2s-2m-2t 

i+1 ■ ' ■ 



(1 + |m|2)^+'^+i (l + |M|2)i+i t!(j_s_m_t)! 



(1.50) 
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If we put n = j — m — t, we find that the coefficient of — ; — . , ^ is 

(1 + |m|2)J+1 



(j -m)!(j - A;)! (j + s + m)! 



(j + m)\{j + k)\ s\{s + m — k)\{j — m — n)\{n — s)\ 



{j + mj-k)\ 

-a„(m, fc). 



(j + — m)! 

Similarly, we also find that the coefficient of ^ — ■ i 7^" is 



\u 






(1 + 




2)j+l 



-a„(m, -/c). 



(j + m) ! (j — m) ! 



Therefore we obtain (|1.39|) . 
(ii) In the case oi m < k < j, 



i-iuYi-iuY = {-\u\''y{-iu)^'"'. (1.51) 



If we exchange m and k in the proof of (i), then we can calculate ( |1.40| ) in a 
similar way. 
(ni) By using 

^(i;™)t = (_i)m+i^O;H (1.52) 

and 

= W-\ (1.53) 

we have 

( 1.54 ) implies the relation ( 1.42 ). □ 
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1.4 Conserved Currents associated with Spin 
j Representation of SU(2) 



In this section, we describe the conserved currents (|1.36|) of the CP^-submodel 



We set m = 1 in theorem 1.2 



Proposition 1.4. For any j G N, conserved currents of the CP^-submodel 
associated with spin j representation of SU (2) are given by as follows: 
(a) for k > 0, 
(i) k = 0, 



xE(-ir(-^)(^:;)H- (1.55) 

n=0 ^ ^ ^ ^ 

(ii) l<k<j, 



\fc-i 



^ I ^ W (^■ + A;)!(j-A;)!(1 + |m|2)j+i 



n=0 \ / \ / 



(b) For k <0, 



= jO;i)(fc) = (_i)VO;i)^(_A:). (1.57) 



Remark 1.5. By a little calculation, we can express proposition as fol- 
lows (see 
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(a) for j > m > 1, 



j{3,m. 



(j+m)! (-m)'"-^ 



j(j + l)(j-m)!(l+|tx|2)j+i 

j—m 

\n=0 n=0 

(^6^ /or m = 0, 



= -'V7(JTT) ' E^y'"'!"!'", 

(^cj /or j > m > 1, 

j{3-m) _ ^_-|^-jm j(i,m)t 

where coefficients are 

rvO'.-) = f ^! 3-m\( 3 + 1 

^ ' {m + n-l)\\ n )\ n 



^0,^) = (-1)"- , 

^ ^ j \ n J \ n + 1 
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Chapter 2 

Submodels of Related Models 



2.1 CP^-like Models and their Submodels 

In this section, we consider the CP^-hke sigma models in (1 + 2) dimensions. 
First of all, we fix j G N. The action of such a model is given by 

- / -^'^ (if Kp.i . (2-1) 
where u : M^+^ C. When j = 1, ( pTl| ) reduces to the CP^-model. 



Remark 2.1. Since the action ( \2. 1\ ) is not invariant under the transforma- 
tion u 1/u in alternatively, we may consider an invariant action 



(1 + 


u 


20 




(1 + 


u 


2)i+i 



Mn) - j d^x ^ (iV|^|2).+i ' • (2-2) 
But for the sake of simplicity, we consider l \2.1\ ) only in this thesis. 
The equation of motion of (|2.1|) reads 

(1 + \u\'^)d^'df,u - {j + l)ud^'udf,u = 0. (2.3) 
Taking an analogy of section |1.2| , we set the same as (|1.27|) and 5^ as 
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where P-"'^ {P-h is the highest (lowest) spin state. Let us calculate D^B'^ 





u 


'^)d^d^u — {j + l)ud^ud^u + (j — l)ud^ud^u 


,(1+ 


u 


(1 + |«|2)2 

'^)d^d^u — (j + l)ud^ud^u + (j — \)ud^ud^u 


(1 + 


u 


2y 



pKJ) 

-j 



If we assume D^B^ = 0, then we have 



(1 + - (j + = and d^ud^u = 0. (2.6) 

We call these equations a submodel of the CP^-like model. For this model, 
the local integrability conditions {F^^ = and D^B^ = 0) are satisfied. 
Therefore, the conserved currents are 

J, ^ W-'B,W = Jl'-''\k)Pi^^. (2.7) 

k=-j 



We set m = j in theorem p..2| to obtain the conserved currents (|2.7|) of the 



submodel of the CP^-like model. 

Proposition 2.2. We have 
(a) for < k < j , 



(2j)! 



U + k)\{j - k)\ {1 + \u\'^y+^ 

X {{-tuy'd^u - {-tuy+''d^u} . (2.8) 



(b) For k <0, 



jl^^^){k) = {-l)^+^+^ji^^^)'{-k). (2.9) 
Moreover, we can remove the constraint j > \k\. Namely, we have 
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Corollary 2.3. 

and its complex conjugate Jfi are conserved currents of the submodel of the 
CP^-like model. 

The proof is a direct calculation. 

2.2 QP^-model and its submodel 

In this section, we consider the Q-P^-model in (1 + 2) dimensions. We set 

Qpi = {0ef/(l,l)|0t = 0}. , (2.11) 

where {■••}* means a connected component containing the unit matrix. QP^ 
(1-dimensional quasi projective space) is identified with SU{1,1)/U{1) = 
D = {z eC\ \z\ < 1} and the embedding i : QP^ SU{1, 1) is 

Here D is the Poincare disk. We note here that QP^ is identified with the 
quasi projection space 



See [[Fuji , in detail. 

The action of the QP^-modeX in (1 + 2) dimensions is given by 
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where u : M^+^ ^ D. Its equation of motion is 

(1 - \u\'^)d^d^u + 2ud^ud^u = 0. (2.15) 



This model is invariant under the transformation m — I/m in ( p..l9|) . This 
model has three conserved currents 



^r^* = (^_|^|2)2 (^M^^ - ^9,^)^ (2-16) 

•^^ = (1 _ |^|2)2 (^/^^ ~ m^<9^m), (2.17) 
and the complex conjugate j^, (2-18) 

corresponding to the number of generators of SU (1,1). The complexification 



of both SU{2) in section |0| and SU{1, 1) in this section is just SL(2, C). 
Therefore, the arguments in section |1.2| are still valid in this section. Namely 
we set 

For this, the Gauss decomposition is given by 

W = Wi = e™^+e'^^3g-mr_ ^^2.20) 

or 

W = W2 = e-'^'^-e-'^^3e^"^+ (2.21) 
where (p = log (1 — Im^). We choose and Bj^^ as 
= -d^WW-' 

= Y:^{-id^uT+ + id^uT^ + {d^uu-ud^u)T3}, (2.22) 
5« = -^(9,«P« + 9,t.PiV). (2.23) 
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Then, we easily have 

F^, = and D^fi^«=0, (2.24) 
so the conserved currents are 

J« = W-^mW = j,Pi'^ + v^.J^°^*p(^^ + j.PiV, (2.25) 



where coefficients are (^l6D , (^TtD , (|2l8|) . 



Next we consider the extended situation as shown in section |L^. We 
choose 

= rZ]^(^M^^i'^ + d^uP^Jl) (2.26) 
instead of s}.^^ in (|2]2|). Then 



^'^^''^'^ = (1 _|^|2)2 { + 1) - 2 (-^g^^g^^Pj^^) + td.ud^-uPi'i) 

+{(1 - IwHS'^a^u + 2ud^udf,u}P^^^ 

+{(1 - l^n^'^S^M + 2ud''ud^u}P[']^ . (2.27) 

Therefore, we consider a submodel of the QP^-model, 

d''df,u = and a'^uS^w = 0. (2.28) 

Then we have the local integrability conditions F^j, = and D^B'^^^^ = 0. 
The conserved currents are 

Jl^^ ^ W-'B\i^W = ^ J^^'^Pt^\ (2.29) 

k=-j 

For this case, we can use proposition |1.4| . Namely, we restrict m to |m| < 1 
and replace 

u u, u ^ — M (2.30) 



in proposition 1.4 
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Proposition 2.4. For any j G N, conserved currents of the submodel of the 
QP^ -model associated with spin j representation of SU {1,1) are given by as 
follows: 



(a) for k>0, 
(i) k = 0, 



J 



J + l(l- ^ 
' J-l\ J + 1 



X 



E 

n=0 



n 



{ud^u - ud^u) 

2" (2.31) 



(ti) l<k<j, 



n + 1 



k-l 



U\ 



{j + k)\{j - k)\ {1 - \u\^y+^ 



X 



. n=0 
j-k 

E 

n=0 



j-k 
n 

j-k 

n 



„it*i)|.fVa„s}(2.32) 



(b) For k <0, 



(2.33) 



Remark 2.5. 5?/ a /ztt/e calculation, we can express proposition \2.4 as fol- 
lows (see ^SJ\] ): 
(a) for j > m > 1, 



m— 1 



(j + m)\ {—iu) 
j{j + l){j-m)\{l-\u\^y+^ 



/]-m 



j-m 



X 



^.^rM'^'d.u - y: "^^Li^rvs,^ , (2.34) 



,n=0 



n=0 
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(b) for m — 0, 

- ^v(KJTI) ^;f-;^~ Et-'^vr-, (2.35) 

I I n=0 

(c) for j > m > 1, 

jU,-m) ^ jU,m)^ ^ (2.36) 

where coefficients are 

= , ^„ P'-"^ V , (2.37) 



,xm = 1 ( M ( ^ 



(2.38) 
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Part II 

A Submodel of the Nonlinear 
Grassmann Model in Any 
Dimension 
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Chapter 3 

A Definition of a Submodel of 
the Nonlinear Grassmann 



3.1 Grassmann Manifolds (Projection-Matrix 
Expression) 

Let M(m, n; C) be the set oimxn matrices over C and we write M{n; C) = 
M(n, n; C) for simplicity. For a pair (j, N) with 1 < j < N — 1, we set I , O 
as a unit matrix, a zero matrix in M{j; C) and O' as ones in M{N — j; C) 
respectively. 

We define a Grassmann manifold for the pair [j, N) above as a set of 
projection matrices: 



G,.,„(C) ={Pe M(N- C)|P' = P, Pt = P, txP = j). (3.1) 



Model 



Then 




(3.2) 



U{N) 



(3.3) 



U{3) X U{N - j) ■ 
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In the case of j = 1, we usually write Gi 7v(C) = CP^ ^. 

Next, we introduce a local chart for jv(C). For Z E M{N — C), 
an element of a neighborhood ^ ^ O'^ is expressed as 

/ -Zt \ / I \ / I -Z^ \ 



Since 



/ -Z^ \ (I + Z^Z)-^ \ f I z^ 



z r J \ (/' + zzt)-i y V ^ 

this is also written as 



(3.5) 



p(z)-( (i+z'zy' {i+z^z)-^z^ \ 

n{z) -yz{i + z^z)-^ z{i + z^zy^z^ ) ■ ^'^■^^ 

We note here relations 

Z{I + Z^Z)-^ = {I' + ZZ^y^Z, (3.7) 



(/' + ZZ^)-^ = 1' - Z{I + Z^Zy^ZK (3.8) 

Since any P in Gj,Ar(C) is written a.s P = U ^,^WfoT some f/ G 
f/(A^) by (|3.2|), an element of a neighborhood of P in Gj Ar(C) is expressed 
as 

P{Z) = UPo{Z)Ul (3.9) 
Now, we prepare useful lemmas. 

Lemma 3.1. For g = g{Z) E GL{N;C) and Y = Y{Z) e M{N;C), we 
have 

d{gYg-') = g{dY + [g-'dg, Y])g-\ (3.10) 
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The proof is a direct calculation. 
Lemma 3.2. 

Z /' M (/' + zz^)-^dz 



I zt \ V dz^ \ f I -z^ ^ ^ 



-z r j \ dz j \ z r 

proof: (i) We put 

for simplicity. We note that 

5,-1 = ^tg^-i = a"^5(^ rffifl" = -dg. 
Then, by using lemma |3.1| and 
g'^dg = 



we have 



(I + z^zy^z^dz -{I + z^zy^dz^ 
{I' + zz^y^dz z\i + z^zy^dz^ 



dPo = digEog-') 

= 9 [g'^dg, Eo] g~^ 

{i + z^zy^dz^ 

(/' + zz^y^dz 



9 



9a \ ^2 ]9 

(.t)- ( ] 9-^ 
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(ii) Since [Eo, n-'] = 0, 

3.2 The Nonlinear Grassmann Sigma Model 

Let M^+" be a (1 + n) -dimensional Minkowski space (n G N) with a metric 
V = ijlixv) = diag(l, — 1, • • • , —1). For fixed (j, A^), the nonhnear Grassmann 
sigma model in any dimension is defined by the following action: 

A{P) = ^J trd^.Pd^'P, (3.17) 

where 

Its equations of motion read 

[P, DP] = [P, di.d^'P] = 0. (3.18) 

Since 

0^[P,d,d''P]^d''[P,d^P], (3.19) 

[P, d^P] are conserved currents. In fact, they are the Noether currents cor- 
responding to U (A?") -symmetry. 
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Next, we express the action by using the local coordinate introducing in 
section PTT| . By ( |3.9| ) , we can put 



P{Z) = U 



I -Zt 

z r 



O' 



I -zt 
z r 



-1 



(3.20) 



where 



Z : M^+" — > M{N -j,j;C 
and t/ is a constant unitary matrix. Then, 

I z^^-' 



d,P{Z) = U._^ ^, 
by (g32D. 



Lemma 3.3. H^e have 
(i) the action 



A{z) = j tr{i + z^zy^d^'z^r + zz^)-^9^z, 

(^zij i/ie equations of motion 

d^df.Z - 2d''Z{I + Z^zy^Z^d^Z = 0. 



(3.22) 



(3.23) 



proof: (i) By ( CT) and (|HT^ ), we obtain (g]^. 
(ii) In the following, we put f/ = 1 in ( |3.20| ) without loss of generality. By 
using (|3.15|) , we have 



[p,np] 



d^[P,d,P] 

{g^)-\d^d,g^ - {d^g^Wr^d.g^ - d,g^ g-'d^g}g-^ 
{g^)-'{d^d,g^ - d^g{{g^)-' - g-')d,g}g~' 
{g^)-\d^^d,g^ - d^ga~\g - g^)d,g}g-^ = 
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( |3.23| ) and its complex conjugate follow by this equation. □ 
Let us consider the case of j = 1 (the CP^~^-model). If we set Z = u = 
■ ■ ■ , U]si-if where Ui : M^^^ — > C and remark that 

N-l 



i=l 



1 + = 1 + 1^*1^ 

(/' + uut)-i = I' 



UU^ 



1 + UTU 

from 



Corollary 3.4. we have 
(i) the action 

J (1 + utu)^ 

(ii) the equations of motion 

(1 + u^u)d^d^u - 2uta^,u9^u = 0. (3.25) 
In particular, in the case of iV = 2 (the CP^-model), 

Corollary 3.5. we have 

(i) the action 

(ii) the equations of motion 

(1 + ImH^^S^m - 2ud^ud^u = 0. (3.27) 
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Remark 3.6. We compare formulations of the nonlinear CP^ -model in AFG's 
theory and ours briefly. In CP^-case, we take g as 



/I + |m|2 V ^ 

and we put 



( ^ ) e SU{2), (3.28) 



P = gEog \ where Eq = (^^^ ^ 



As well as the proof of lemma \3. ^ , we have 

d^P = g[g-'d^g,Eo] g-' (3.29) 

and 

[P, d,P] = g [Eo, [g-%g, Eo]] g-\ (3.30) 
Then, we observe a quantity 

-l^) ^ 77^ 11 _ 1 / "J 



[E^,[g-^d^g,E^] 



d^u 
1 + |m|2 V -^^.u 

^—^{d^uT+-d^uT_). (3.31) 



1 + \u 
This corresponds with 

= T-V^(^.^A^'^ - ^M^^V) (3-32) 
1 + Iwp 

in section fTT^ , because bothTj^ and P^^ (resp. T_ and P^^J are highest (resp. 
lowest) weight vector of adjoint representation (i.e. spin 1-representaion) of 
su(2). Therefore, a correspondence of the Noether currents is 

J, = W-^B^^^W ^ [P, d,P] = g [i?o, [g-'d^g, E,]] g-\ (3.33) 

Moreover, 33{ ) implies a correspondence of expressions of the CP^ -model. 

d^J^ = W'^D^'B'i^^W = ^ 9^[P, d^P] = [P, DP] = 0. (3.34) 
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3.3 A Definition of a Submodel 

In this section, we define a submodel of tlie nonlinear Grassmann model. Let 
us remind equations of motion of the Gj,Ar(C)-model 

[P, DP] = 0. 

For P G Gj^N{C), the tensor product P®P of P is an element of jv2(C). 
Therefore, we assume that P(S)P is also the solution of the jv2(C)-model, 
namely 

[P O P, □(P ® P)] = 0. (3.35) 
Transforming this, we have 

[P, DP] (g) P + P ® [P, DP] + [P, d^P] (g) d^P + d^P ® [P, (9^P] = 0. (3.36) 
Now, let us define our submodel. 
Definition 3.7. 

[P, DP] = 0, (3.37) 
[P, df,P] ® d^P + d^P ® [P, df,P] = 0. (3.38) 

We call these simultaneous equations the Grassmann submodel. 



Remark 3.8. In fact, ( \3. 3% ) and ( \3. 3di ) are equivalent to ( \3. 33i) 



Next, we express our submodel with Z = (zki) in (|3.2CI|) . 



Proposition 3.9. The equations above are equivalent to 

d^'d^Z = and d^'Z®d^Z = Q (3.39) 
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or in each component 

d^d^Zki = and d^zud^zu'v = 
for any 1 < k,k' < N - j, 1 </,/'< j. 



(3.40) 



proof: By using ( p.l2|) and (|3.13|) , (|3.38|) is equivalent to the following 
equation. 



d^Z^ 



-d^Z 



( 





d^Z^ ® d'^Z^ \ 












-d^Z ® d^Z 


/ 



namely 



dnZ ® d^Z = and its Hermitian conjugate. 



From ( |3.23| ) and ( p.41| ), we obtain the proposition. 
In the case of the CP^-submodel, we have 



(3.41) 
□ 



d'^d^u = and d^ud^u = 



(3.42) 



with u in (|3.26| ),( ^.27D . This is a generalization of that of [|AFG1|] because 
that is restricted to three dimensions. 
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Chapter 4 



Conserved Currents of the 
Grassmann Submodel 



4.1 Tensor Noether Currents 

It is usually not easy to construct conserved currents except for Noether 
ones in the nonlinear Grassmann sigma models in any dimension, but in our 
submodels we can easily construct an infinite number of conserved currents. 
This is a feature typical of our submodels. 
The equations of our submodel are 

[P,DP] = 0, 

[P, d^P] ® + df'P ® [P, df,P] = 
in the global form ( |3.37|) ,( p.38| ). Then we have 



;|)P,n(|p)] = -[□(®p),®p] = 0, (4.1) 



where 

k 



)P = P®---®P. (4.2) 
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We show (53) in the case of k = 3 for simphcity. In general k, we can prove 



it in a similar way. If we put 

[P,d^P] = (a,,), d^P = (hi), P = (Pmn), 

then (|08|) is 

dijbki + bijaki = for any i, j, k, I (4.3) 
By using (|3.37| ) and (|3.38|) , we have only to prove 



[P, d^P] ^Pf^d^'P + d^'P^P® [P, d^P] = (4.4) 
From ( |4.3|) , the {{ij), {mn), (/;:/) )-component of (O) is 



aijPmnbkl + bijPmnO-kl — Pmn{<^ijbkl + bijakl) — 0. □ 

By (|4.1| ), we obtain the following theorem. 



Theorem 4.1. For k = 1,2, 



[9^(|P),|P] (4.5) 



k-l 



J2 p ^ • ■ ■ ^ p ® [5^p, p] ® P8)- - -^p 



i=0 i 

are conserved currents of the Grassmann submodel. 
Espcially, in the case of /c = 1, 

[d,P,P] (4.6) 

is the original Noether current. We call ( [4. 51 ) the tensor Noether currents of 
degree k. 

Now, we write the matrix components of ([4.5|) in the case of the CP^- 
submodel. Let u = {ui ■ ■ -unY be a local coordinate of CP^. Then, similar 
to the case of the Noether currents, we get the following proposition. 
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Proposition 4.2. We use multi-index notations as follows: 



_ ^(pi, _ „Pi . . .„Piv ^-,Q _ ,gjv) _ ,-,91 . . .,-,9iv 



■ ■ ■ Uj^ , = u 



Ui ■ ■ ■ Uj^ , 



|P|=PiH hpAT, |Q|=giH hgAT. 



T/ien the matrix components of is 

k{d^u^u - uta^u)uPuQ + (1 + utu)((9^uPuQ - u^a^uQ) 



jk 



(1 + utu)'=+i 
< |P| < k,0< IQI < k. 
These are conserved currents of the CP'^ -submodel. 



Proof : For 



1 + UTU V U / ^ ^ 



we put 



where 



^ / 1 
u 



Then, we have 



Uk = ( u, ■ - , u , u (g) u, ■ - , u (g) u , • ■ ■ , (8 ■ 

kCl kC'I 

1 + Uk^Uk V Uk ; ^ > 



here we use relations 



((g) u^) (I) u) = (u^u)-'' 



and 



(4.7) 



(4.8) 



(4.9) 



1 + Uk^Uk = 1 + feCiuV + fcC2(uV)2 + . . . + (u^u)*^ = (1 + utu)^ (4.10) 
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Therefore, we have only to substitute Uk for u in 



[d,P. P] 
= 1 ( 

(1 + Utu)2 V ^^.U + (1 + utu)9^U 

where 

First we note that 

•^^Uk^Uk = fcCia^u^u + fcC25^.(ut®u^)(u®u) + --- + 9^(®ut)(|)u) 
= a^utu(fcCi + 2fcC2utu + ■ ■ ■ + k{u^u)''-') 

and 

Uk^a^Uk = k{l + u'fu)*^-^u^9^u. 

Moreover, since the matrix component of S^UkUk^ — ^kdfJJjJ are of the 
form 

a^u^uQ - u^S^uQ, (4.12) 
we obtain the conserved currents ( [4.7|) . □ 

Remark 4.3. Another fomulation of our submodels is given by This 
is a generalization of ^AFG1{] to the G / H -model in any dimension. They also 
construct a counterpart of our tensor Noether currents. 



'1 + u''"u)a^u''' 



J^uu"!" + (1 + u'''u)(a^uu"'' 



(4.11) 
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4.2 Pull-Backed 1-Form 

In this section, we investigate a generic form of conserved currents for our 
submodels by using a local coordinate of Grassmann manifolds. We write 

Z=(zi,---,z^O*, N' = j{N-j) (4.13) 

as a vector in C^' for simplicity. Now, we again write down our equations 
of the submodel: 

d^'df,Z = and df'Z®d^Z = 0. (4.14) 
for Z : M^+" — > C^' 

or in each component 

di'd^Zi = and d'^z.d^Zj = (4.15) 

for l<i,j < N'. 

We consider a 1-form on C'^'; 

N' 

Y,{f,{Z, Z)dz, + g,{Z, Z)dz,} (4.16) 

and pull back this on M^"*"" by Z\ 

Z : Mi+" — ^ C^' Z = {Zj). 

Then, we look for conditions which make the pull-backed form a conserved 
current; 

N' 

J2d^{fj{Z,Z)d^z, + 9AZ,Z)d,z,} = 0. (4.17) 
i=i 



Making use of ( 4.15 ), we have 
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Proposition 4.4. if the equations 



1^ + ^ = (4.18) 

OZk OZj 



for 1 < j, k < N' hold, then 

N' 



Y^ifjiZ, Z)d,zj + g,{Z, Z)d,z,]. (4.19) 



is a conserved current of the Grassmann submodel. 
In particular, if we set 



(4.20) 



for any function / in C^-class, then we can easily check ( [4.18|) . Namely, we 
obtain conserved currents 

,=1 .dzj ^ ' dzj 

parametrized by all C^-class functions /. 

Proposition ^]4|is especially noteworthy in the case of the CP^-submodel. 
In this case, ( [4.18|) becomes 

^ + ^ = 0. 

du du 

Then the 1-form 

fidu — Qidu 

is closed and there exists an / = f{u, u) such that 

f _df _ df 
OU OU 

by the Poincare lemma. Therefore we obtain the important corollary. 
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Corollary 4.5. Let J2,^ be a homogeneous differential polynomial of degree 
1 with coefficient C^(C,C). Then, J2^^ is a conserved current of the CP^- 
submodel if and only if there exist an f = f{u,u) in C^(C, C) such that 

Remark 4.6. We can express conserved currents in proposition^^ as l \4-^^ 
for suitable f{u,u). For example, in the case of m = j. 



" \^ du ^ duj \il + \u\'^y 
In particular, the Noether currents are 



and the complex conjugate j^, 
or, by gJ^, 

[d,P,P]=(^d,u-^~d,u^^P, (4.23) 



where 

' 1 



(1 u) 



1 + |-uP V ^ 

Moreover, the tensor Noether currents of degree k are also 

jk 

^ d r. ^ d \ f u^u^ 
OnU- d,,u- 



k{d^uu — ud^u)u^u'' + (1 + 


u 




(1 + 


u 




fc4 


1 



^ du ^ duj \{l + \u\^f 
for 0<p<k,0<q<k, 

namely, 

[9^(|P),|)P] = (d^u^-d^u-^\ (|P). (4.24) 
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Chapter 5 

Symmetries of the Grassmann 
Submodel 

Our submodel has many good properties. If we construct solutions of our 
submodels, then we obtain a wide class of solutions of the nonlinear Grass- 
mann models in any dimension, because, by definition, solutions of submodels 
are also those of the original models. 
The equations of our submodels are 

d^d^Z = Q and d^'Z®d^Z = Q ( IOQD 
or in each component 

d^'d^zu = Q and d^'zkid^Zk'v = ^ (CT) 
for any 1 < A;, fc' < iV - j, !</,/'< j. 

Theorem 5.1. The Grassmann submodel has a following symmetry; namely, 
if Zap {,^^Ci<N — j,l<(3<i) is a solution of ( \3.4C\ ), then 

fkl{Za(s) = fkl{zn, ■ ■ ■ , ZN-j,j) (5.1) 

is also a solution of ( \3.40i ) for any holomorphic function f^i on C-'(^~-') (1 < 
k<N-j,l<l<j). 
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Proof: Suppose that Zaf3 (1 < a < N — j,l < (3 < j) satisfy ( p.4U| ). 
Then 

d'-dM^^,) = J2 + ^^^^^^o.^^'^^^ = (5-2) 



and 



d''fkl{Zal3)df,fk'l'{Za'P') = -^-^ ^-^0^ Z^fsd^^Z^' (3' = . □ (5.3) 



For any k, I, zm = aoXo + J2^=i ^i^i with a^a^ = — ^11=1 = are 
clearly solutions of ( p.40| ). Therefore, we obtain the following corollary. 

Corollary 5.2. Let f^i (l<k<N — j,l<l< j) be any holomorphic 
function. Then 

n 

fki{aoXQ + ^aiXi) (5.4) 

i=l 

under 

af'a^ = (5.5) 

are solutions of our submodels. 

Remark 5.3. Symmetries discussed in this chapter become clearer in Part 
III. 
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Part III 

A Generalization of the 
Grassmann Submodel to 
Higher-Order Equations 
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Chapter 6 

The Bell Polynomials 



We shall generalize the equations of motion of the Grassmann submodel and 
the conserved currents to higher-order equations. In this chapter, we prepare 
a mathematical tool which plays an important role in our following theory. 



6.1 The Bell Polynomials of One Variable 

First, we describe the Bell polynomials of one variable in detail K[, ||Kil 



Ei2| 



Definition 6.1. Let g{x) be a smooth function and z a complex parameter. 
Put Qr = dlg{x). We define the Bell polynomials of degree n: 

F^zg] = F^izg,, • • • , zg^) ^ e'^^^^^^ d^e^^^^l (6.1) 

The generating function of the Bell polynomials is formally written 



n=0 n=0 

— g-2ff(a^)g^9(^+*) 



exp<i^^|tn. (6.3) 
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By ( |6.3| ), we can write Fn[zg\ explicitly as follows: 



fel+2A;2H ynkn=n 

ki>0,-- ,kn>0 

(6.4) 



For example, 



Fo = 1, Fi = zgi, F2 = zg2 + z'^gf. 



Remark 6.2. These polynomials are used in the differential calculations of 
composite functions. 

d:{f{g{x))) 

= F^[zg]\.{f) (6.5) 

dg 

V ^' f^^Y' f dnY" ^^^^Zl!^ ((](]) 

^ ki\---kj\l\) "'\n\) ^'^ 

ki+2k2-\ \-nk„=n 

ki>0,- ,kn>0 

(di Bruno's formula). 

For example, 

d.ifigim = gi^, dl{f{g{x))) = g,^J- + gf^. (6.7) 
Remark 6.3. We put z = 1, g{x) = e^ . Then 



exp(e* - 1) = exp(e^+* - e^)U=o = ^ ' ^ E ^^'^^ 

n=0 ■ n=0 

(6.8) 

These numbers Bin) are called the Bell numbers. 
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Remcirk 6.4. Let Sn{x) be the elementary Schur polynomials which are de- 
fined by the generating function 

^5„(x)r = expi^x/i. (6.9) 

n=0 I j=0 ) 

Then we have 

Fn[z9]=n\S^[^,'-^,...). (6.10) 

Remark 6.5. The Bell polynomial is a generalization of the Hermite poly- 
nomial Hn, namely 

HM = i-ire^'dy-^' = (-l)"F„[-x^]. (6.11) 
Lemma 6.6. We have a recursion formula for the Bell polynomials. 

Fn+l[zg] = + ^nM- (6.12) 



Proof: Fn+l[zg] = Q-zgix)Qn+l^zgix) 

— Q-zg{x)Q^^Qzg{x)^-zg{x)Qn^zg{x)-^ 

= {dx + zgi)Fn[zg] 

Next, we define the Bell matrix Bnj[g] — Bnj{gi, ■ ■ ■ , gn~j+i) (which is also 
called the Bell polynomials) by the following equation: 

Fn(zgi, ■■■ , zgn) = ^ z^Bnjigi, ■■■ , gn-j+i)- (6.13) 

j>0 
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Note that 



BnO = SnO, Bnj = [u < j 



(6.14) 



Remark 6.7. We can express the Bell matrix as follows lAl-Fr^J: 



(6.15) 



t=Q 



Then, by using lemma |6.6| , we have a recursion formula for the Bell matrix. 



Lemma 6.8. For n > 1, 



d 



Bnj — X^5'r+1^ — Bn-lJ + QlBn-lj-l {] = 1, 



B„ 



giBn~l,n-l- 



,n-l), (6.16) 
(6.17) 



In particular, we have 

Bn^[g] = gr„ Br,,n^i[g] = ^_^(^i)-2^2, B^^g] = ig,r. (6.18) 

An important formula for symmetries of higher-order CP^-submodels is as 
follows: 

Lemma 6.9. The Bell matrix is anti-homomorphic with respect to the com- 
position of functions, namely 

p 

BpAfiaix))] = Y,Bpn[g]BnAf]- (6.i9) 

n=j 



43 



Proof: 



g2{/{5(x+t))-/(g(x))} ^ ^z{f{gix)+{gi^+t)-a(x)))-f(gix))} 

= e"^^(^+"')-^(f)> w = g{x + t)- g{x) 

°° n 

{g{x + t)-g{x)Y 



n 

n=0 

oo 

n=0 

n=0 P>n 
oo 

p=0 p>71 



Comparing both sides, we have 



namely 



F,[zf{g{x))] = Y,B,^[g]F^[zfi 

p>n 



p>j P^n 'n>j 



Therefore we obtain 

p>n>j 

6.2 The Generalized Bell Polynomials 

We call the Bell polynomials of multi- variables the generalized Bell polynomials'^ 

Let u(y) = {ui{yi, ■ ■ ■ ,ys), ■ ■ ■ ,UN{yi, ■ ■ ■ ,ys)) be smooth functions and 
z = {zi, ■ ■ ■ , zjsi) complex parameters. We use multi index notations 

t}' = z'l' ■ ■ ■ z%\ |k| =fci + --- + fcjv 
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and 

9y=^ll---^ys^ |p|=Pi + ---+P.- 
Definition 6.10. We define the generalized Bell polynomials: 

N 



i=l 



= e-^"(y)9Pe^-"(y) (6.20) 
= J2 z%,k[u] (6.21) 

0<|k|<|p| 



and we put Bpk[u] = unless < |k| < |p|. 
For example, 



N 



i=l 
N 

^200-0 = "^Zi dy^Ui + (^ Zi d. 



i=l 

N N 

yi 5 



i=l i=l 
N N N 

^110-0 = dy.dy^Ui + (^ Zi dy^Ui) (^ Zj dy^Uj). 

1=1 i=l j=l 

We often write Fp = Fpo - o and {ui)r = d'y^Ui for simplicity. 



Similar to lemma |6l6 



Lemma 6.11. we have a recursion formula for the generalized Bell polyno- 
mials. 



d{Ui)r 



Fp+i[z ■ U] = J] <^ Y,{Ui)r+lT^ + Zi{Ui)^ )Fp[x-M]. (6.22) 
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The generating function of the generahzed Bell polynomials is 

J]Fp[z-u]^ = exp(z-{u(y + t)-u(y)}) (6.23) 

N 

= JJexp(zi{Mi(y + t) - ni(y)}). 

i=l 

Therefore, similar to the proof of lemma |6.9| , 
Lemma 6.12. we have 

i?p,j[f(u(y))] = Yl B^,m[u]B^M (6-24) 

|j|<|m|<|p| 

where 

f(u) = ,un),--- ,/7v(mi,--- ,Un)) 

and 

P = {Pir ■■ ,Ps), m= (mi,--- ,m^), j = (ji, - - - , j^). 
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Chapter 7 

Higher-Order CP^-submodels 

7.1 Definitions of Higher-Order CP^-submodels 

In this section, wc generalize the equation of motion of the CP^-submodel 
to higher-order equations. Hereafter, we use an notation of Minkowski sum- 
mation as follows: 

n 

Y,'A,^Ao-Y,Ar (7-1) 

Remcirk 7.1. The equations of the CP^ -submodel 

n2U = ^'dlu^Q and di'ud^u^^Xd^uf 

IJ. n 

are equivalent to 

□2W = and □2(^2) = 0. (7.2) 

Remark 7.2. A solution u is called "a functionally invariant solution" if an 
arbitrary differentiable function F(u) is also a solution of the same equation. 
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See, for example, j KSU^ . We find that u is a functionally invariant solution 



of the wave equation = if and only if 

= and □2(m^) = 0. 
This is nothing but the CP^ -submodel. 

We define higher-order nonlinear equations as follows: 
Definition 7.3. 

°>'=)-(^-E^)(-'=) = /- ^<k<P- (7.3) 
We call this system of PDF the p-submodel. 

Moreover, given p = 2,3, ■ ■ ■ and i = 0,1, - ■ ■ , [(p — l)/2], we also define 
Definition 7.4. 

J2'dyiu')d;iu^) = Q (7.4) 

for k = 1, ■ ■ ■ ,p — i, I = 0, ■ ■ ■ ,i. 

We call this system of PDE the {p,i)- submodel. 



Remark 7.5. In view of remark [7j, these equations are equivalent to the 
CP^-submodel in the case of {p,i) = (2,0). 



Remark 7.6. We find that the {p,i) -submodel ( \7.4 ) is invariant under u — *• 
^. Therefore we can express this equations by using P in CP^. But it is 
difficult to find an "natural form" for any {p, i) . In the case of {p, i) = (3, 0), 

[P, d'^d^P - 39^[P, [P, d^P]]] = 0, (7.5) 
[P ® P, d^P ® \P, dlP] + \P, dlP] ® d'^P] = 0, (7.6) 
[P0P0P, d^P ® ® 9^P] = 0. (7.7) 
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7.2 Conserved Currents 



In this section, we construct conserved currents for the equations ( [7.4| ). 
let g{x), g{x) be smooth functions and z, z complex parameters. Put 
the vector space over C spaned by the products of two Bell polynomials 
Fn[zg]Fm[zg]. (We write Fm[zg] as Fm[zg] for convinience.) We consider a 
linear map 

$:PB^C[e,e], (7.8) 

^F^[zg]F^[zg]) = Cr (7-9) 

We call "a symbol of Fn[zg]Fm[zg]" and $ "a symbol map". By this 

map, is linear isomorphic to C[^,^]. Now, we define an operator 



d = J2(gr, 

r=l ^ 



d _ d 
17^ \- gr+iT— ] +zgi + zgi (7.10) 



dgr dg 
This operator is well-defined on "Pg and we have 

d{Fn[zg]Fra[zg]) = Fn+i[zg]F„,[zg] + Fn[zg]F,rn+i[zg]. (7.11 

In fact, because Fn is an n- variable polynomial and on account of ( |6.12D , 



d{Fn[zg]Fm[zg]) 

^9r+i-^ + ^9r+i-K— + zgi + zgi \ Fn[zg\Fm[zg\ (7.12) 

^ dF \z ] 
y^_,9r+i^ Fm[zg\ + zgiFn[zg]F„ 

7^1 



+Pn[zg]^gr+i—^^ + zgiFn[zg]Fm[zg] 

r=l 

Fn+i[zg]Fm[zg] + Fn[zg]Fm+i\ 
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Because of ( [7.11| ), we have 

$o9o$-i = (^ + ^), (7.13) 

where + means the multiphcation operator acting on C[^,^]. 
By using the hnear isomorphism $, we can identify 

FnF^ with CC", and (7.14) 
d with {i + D . 

Choose an /i G {0, ■ ■ ■ , ra} and put x = x^, g{Xf^) = u{xo, ■ ■ ■ , x^, ■ ■ ■ , Xn)- 
Then, we have gr = d^u. We set as 

Fn,i, = ■ Fn{zgir-- ,zgn)\,^a : (7.15) 

ou 



ki+2k2-\ \-nk 



+■••+■ 

fci>0, -- ,fe„>o 

(7.17) 



and Fn^^j, its complex conjugate of F^.a*) where : : means the normal ordering. 
Lemma 7.7. 

5^ : Fn,M^m,M : /(^^,^) = : d{Fn[zg]Fm[zg])\z=JL ■ f{u,u). (7.18) 

du 

where f = f{u, u) is any function in C'^'^^^^ -class, 
proof: If acts on a functional of the form 

h{u, df,u, ■■■ , d]^u] u, df,u, ■■■ , d'^u), (7.19) 

we can write 



r=l \ 11 / r=l 
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On the other hand, in view of ( |7.12| ) and since gr = d^u, z = 

we have proved the lemma. □ 

Lemma 7.8. The {p,i)- submodel is equivalent to 

Y,' ■Fp-^,^^h^^■=^■ (7-21) 

proof: We note that 



Y ' 5Z ^p-»Ji (S'l' ■ ■ ■ ' 9p-i-h+i) [ ^ 1 

J2=0 ^ ^ 

ii=ii2=o 



X 

n 

p—i i 



k \ ( I 

32 

^ Y' ^p-i'hi9i, ■ ■ ■ ,9p-i~ji+i)Bij^{gi, ■ ■ ■ , gi-j.,+i)u''-^HJ~^^ 
for k = 1, ■ ■ ■ ,p — i, I = 0, ■ ■ ■ ,i. 
Because of this, the (p, i)-submodel holds if and only if 

X ' Bp~i,ji{9iy ■ ■ ■ ! 9p~i-h+i)Bi,j2{gi, ■ ■ ■ , gi-j2+i) = (7.22) 
for ji = 1, ■ ■ ■ ,p - z, j2 = 0, ■ ■ ■ ,z, 

namely 

5^':Fp_i,^Fi,^:=0. □ (7.23) 



In view of (|7. 14| ) and the lemmas above, we can search an infinite number of 



conserved currents as follows; 
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For fixed (p, i), let W be the vector subspace of C[^, ^] spaned by {^^ 
Find the polynomials ^) such that 

(e + Op(e,0 = inC[e,e]/W^. (7.24) 
Then we can decide it uniquely (up to constant). That is 

p-l-2i 

p(e,o= j2 i-in'-'-'-'c^"- (7.25) 

k=0 

Therefore, if we define the operator 

p-l-2i 

V(p,j),(u = ^ (-1)'' : Fp^l^i^k,^tFi+k,^t (7.26) 

fe=0 

we obtain the next theorem. 

Theorem 7.9. For p = 2, 3, • • • and i = 0, 1, • • • , [{p - l)/2], 

V(j>,),M (7-27) 

are conserved currents for the (p, i)-submodel, where f — f{u, u) is any func- 
tion in C^-class. 

For example, 

Vi2,0),M = i^i,M(/)-A,M(/) 



%o),^(/) = F,,,{f)-:F,,,F,,,:{f)+F,,,if) 

9f r. - d^f , o2-^/ , -n2^V 

= d^u- + {d,u) — - d,ud,u^ + d^u- + {d,u) — , 

(7.29) 
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d,ud,u^. (7.30) 



Hence, (|7.27| ) is a generalization of (|4.22 



We observe the role of the conserved current above. Let Jp_^ be a homo- 
geneous differential polynomial of degree {p — 1) with coefficient C^(C, C), 
namely 

p-i 

Jp,fJ. ~ ^ ^ ^ ] /7ij',p-l-n,fc-Brij;/i[w]i?p_l_n,fc;/i['it]) ('^•31) 

n=0 J<n 

k<p—l—n 

where fn,j,p-i-n,k = fn,j,p-i-n,ki^,u) in C^'(C,C) and 

Remark 7.10. In the case of p = 2, 
and 

J2,ii = fnoodf^u + foond^u. 

See ( llBj ). 



We put Vp^^ = V(p^o),M simplicity. The next proposition is a general- 
ization of corollary ^.5|. 



Theorem 7.11. Jp,^ is a conserved current of the p- submodel if and only if 
there exist an f = f{u, u) in C^(C, C) such that 

Jp,, = Vp,,{f) + Kp,,, (7.32) 

where Kp^^ is a conserved current of the p-submodel which does not contain 
the "principal part" d^ud^~^~'^u {n = 0, ■ ■ ■ ,p — 1) . In particular, ^^2,^4 = 0. 
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proof: For convinience, we put m — p — 1 — n. By using the equations 
of the p-submodel, we find that 9^*7^^^ = is equivalent to the following 
equations; 

d fn—l,n—l,m+l,m+l ^ 9 fji,n,m,m g / \ 

du du 

for n = 1, • • • ,p — 1, 

^ (2/„„ + (m - i)^4^-zi^ ^ (b) 



df 



n— l,n— l,m+l,m 



du m 

for n = 1, • ■ ■ ,p — 2, 

dfn+l,n,m-l,m-l 1 /ox , / i \ ^/i 



9ii n + 



Y (^Vn,n,m,m + - 1) ^^"'^J'"'" ) = (b) 

for m = 1, — 2, 

dfn-l,n-l,m+l,k _ r _ / \ 

Jn,n,m,k — U 

for n = 1, • • • ,p — 3; /c = 1, • • • , m — 1, 

dfn+l,j,m-l,m~l _ f _ n (-\ 

Jn,j,m,m U V^y* 

for m = 1, • • • ,p — 3; J = 1, • • • , n — 1, 



1 / nx I ^ \ 9 fn,n—l,m,m—l 



2fn,n,m,m-l + [u - 1) " ^ , """""^ + 



n + 1 \ aii 

1 / nx I / p,N ^/n+l,n,m-l,m-2 \ „ / ,s 

— ( 2/„+i,„,„,^i,^_i + (m - 2) 1=0 (d) 

for n = 1, • • • ,p — 3, 

1 ( r, f I / -.\9fn,n—l,m,k\ . <• / \ 

— I ^/n,n,m,fc + (,^1 — ij — I + /n+l,n,m-l,fe — U (^ej 



n + 
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m 



for n = 1, ■ ■ ■ , p — 4; k = 1, ■ ■ ■ ,m — 2, 

1 (of I ( -\ \ ^fn,j,m,m—l ] , r n f-\ 

^ \^Jn,j,m,m ~r \1Tl Lj I + /n— l,j,m+l,m U ^^Gj 

for m = 1, ■ ■ ■ ,p — 4; j = 1, ■ ■ ■ , 77, — 2, 

fn+l,j,m-l,k + fn+2,j,m-2,k = (f) 

for n = 1, ■ ■ ■ ,p — 5; j = 1, ■ ■ ■ , n; /c = 1, ■ ■ ■ , m — 3, 



dfn+l,j-l,m-l,k 



~ fn+l,j,m-l,k — (g) 



for n = 1, ■ ■ ■ ,p — 2; j = 2, ■ ■ ■ , n; A; = 0, ■ ■ ■ , m — 1, 

9 fn~l,j,m+l,k—l r p. 

Q-^ Jn—l,j,m+l,k U 

for n = 1, ■ ■ ■ ,p — 2; j = 0, ■ ■ ■ , n — 1; k = 2, ■ ■ ■ ,m. 



Solving these differential equations, we obtain the theorem 7.11. □ 



7.3 Symmetries of Higher- Order CP^-submodels 

7.3.1 A Generalization of Smirnov and Sobolev's Con- 
struction 



In this section, we construct exact solutions of ( [7.4| ). We return to the CP^- 
submodel. It is defined by the equations 

d''df,u = and di^ud^u = (7.33) 

for u : M^+" — > C. 
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For the equations, a wide class of explicit solutions have been constructed 
by Smirnov and Sobolev (S-S in the following) |SS2|| . Let us make a 

short review according to | [B Y|| . 

Let a^{u), h{u) be known functions and we consider an equation 



= (5 = ^ af,{u)x^ - h{u) 

fi=0 



with the constraint 



(7.34) 



ao{uY — ^^aj(M)^ = 0. 



Then, differentiating ( [7.34[ ), we have easily 



d,u = -^, where ' = |-, 



(7.35) 



(7.36) 



5" 



\ ( d b'' 



9> = ^(2a,a; - -aj) = ^ ( - - - 



5'^ \du 5' 



(7.37) 



Remarking ( [7.35| ), we obtain ( [7.33|) . Next, we solve (|7.34|) making use of the 
inverse function theorem to be 



u = u{xo,xi, ■ ■ ■ ,Xn). 



(7.38) 



For example, if a^('u) is a constant; 



with 



(7.39) 



(7.40) 
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and b has its inverse (setting /), then we have the solutions ( p.4| ) 



u = /(ooXo + ajXj). (7-41) 



To generahze this method to our new higher-order equations, we prepare 

as 

du 



a theorem. For a smooth function 6 = 6{xo, ■ ■ ■ ,Xn,u) with 5' = |^ 7^ 0, we 



consider an equation 6 = 0. Now, we define a hnear operator 

du 6' 6' \du 6' J ^ ' 

Then 

Theorem 7.12. we have 

df^fiu) = E (%^^^^^'^ ■ ■ ■ ' '^^-^■+1)) = 0, ■ ■ ■ , n), (7.43) 
where 6r = dl\^,fi^ 5 {r = 1, ■ ■ ■ ,p) and 

f : C — > C : holomorphic with respect to u. 



Proof. We use the mathematical induction. First we have 



Secondly, suppose that 



(7.45) 

.7 = 1 ^ ' 
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then 



i=i ^ ^ 

Noting that 

[d^ + X{6i),X] = (by straightforward calculation), (7.46) 
we have 



j=i V / 



By ( |6.16| ) and ( |6.17| ), we obtain 



If we put 6 = X])!=o '^f^{'^)^fj, ~ then, since 5r = Q ij' >2), 

Bp, = (l<j<p-l), i?pp = 5^ = a^. (7.48) 

Therefore 
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Corollary 7.13. 

Moreover, if we also put f{u) = u, then 
Corollary 7.14. 



6 

This corollary is a generalization of ( |7.36|) , ( |7.37|) . 



We remark that by theorem [7.12 

p 



EE'B.A"] (I) /M 



Then we consider 



namely 



D,4S\x,u))^i£i;-J2£p] iS\x,u)) = for l<k<p. 

(7.53) 

These equations can be regarded as "t/ie p-submodel with parameter u" . 
Therefore, if we consider a simple solution 

n 

6 = ^a^{u)Xf,-b{u) with ^'0^,(^)^ = (7.54) 

fi=0 



(7.49) 



dlu = -^X^-X- (7-50) 



(7.51) 



Y,'Bp,[S]=0 (j = l,---,p), (7.52) 



59 



of ( [7.53| ) and put S = 0, we have 

J2'BpM = (j = l,---,p), (7.55) 

namely, the p-submodel holds by ( [7.51| ). 

Now, we also consider the {p, 'i)-submodel. Similarly, we put 

n 

= 6 = afj_{u)x^ — h{u) (7.56) 

with the constraint 

5^'a^(n)^'-*^>)^ = 0. (7.57) 
By using theorem |7.12|, then we have 



^r(^') = -jX'P"~\ku''-'a^,{uf-'), (7.58) 



9;(«') = -\x^-\lu'-^a,{uY). (7.59) 



5- 

If we expand X^~^~^ and X^~^, and note that 



we obtain the next theorem. 

Theorem 7.15. We can construct exact solutions of (\7.^) by using our ex- 



tended S-S construction ( \7. 5(\ ), (\7. 5% ) 



7.3.2 Symmetries and a Property of the Bell Matrix 

In spite of higher-order equations, we find that all the solutions of the (p, i)- 
submodel are functionally invariant. This symmetry comes from the fact 
that the Bell matrix is anti-homomorphic with respect to the composition of 
functions. 
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Theorem 7.16. If u is a solution of the {p,i)- submodel, then, for any holo- 
morphic function f,v = f{u) is also a solution of the {p,i) -submodel. In 
other words, all the solutions of the {p,i)- submodel are functionally invariant. 



proof: Suppose that -u is a solution of the (p, 2)-submodel. By lemma 
8|, the (p, i)-submodel is equivalent to 

■Fp-^,^.h>.■.= 0, (7.61) 

namely 

J2'Bp-^,JMBik[u]=0 for J = !,■■■ ,p-i, k = 0,--- ,t. (7.62) 



Therefore, by using of ( |6.19|) 

p—i i 

'Bp^,Miu)]Bik[m] = E ' E E Bp^iAu]BnAf]Bim[y]Bmk[f] 

fj. n=j m=k 

= 0. □ 

For complex numbers (/i = 0, 1, ■ ■ ■ , n) with ''^^"^'^J^ = 0, 

n 

u = aoXo + ttiXj (7.63) 

i=l 

are clearly solutions of ( [7.4|) . Therefore, we obtain the following corollary. 
Corollary 7.17. Let f be any holomorphic function. Then 

n 

/(aoXo + ^ttiXj) (7.64) 

under 

Y.'<% = ^ (7.65) 

are solutions of the {p^i) -submodel. 
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Chapter 8 



A Higher-Order Grassmann 
submodel 



8.1 A Definition of a Higher-Order Grass- 
mann submodel 

In this chapter, we generahze the equation of motion of the Grassmann sub- 
model in a similar way to the CP^-submodel by using the generalized Bell 
polynomial introduced in section |6.2| . 
We use the multi index notation. 

Definition 8.1. 

□p(u'^) = np(^iti---n^") = for l<|k|<p. (8.1) 
We call this system of PDE the CP^ -p- submodel. 



Remark 8.2. In the case of p = 2, ^8. 1\ ) is 

□2^1 = and ^2iuiUj) = for i, j = 1, ■ ■ ■ , N. 
These are equivalent to the CP^ -submodel 

d^d^Ui = and d'^Uid^uj = for i, j = 1, ■ ■ ■ ,N. 
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Remark 8.3. By a local coordinate expression, the Gjj\f{C)- submodel and 
the CP^^^-^^ -submodel are equivalent. Therefore, l \S.l\ ) is also a generaliza- 
tion of the Grassmann submodel. 

8.2 Conserved Currents 

Lemma 8.4. The CP^ -p- submodel has the Bell polynomial expression 



(8.2) 



where 



and 



\3\<P ^ ^ 



Bp,]; = ^{p,0,--- ,0)j[u(y)]|y,=^^, y2,-,ys:fix 



(8.3) 



•4) 



in ( WM) 



Proof: 



= E'5:B.J;Ju1(|;)\u^) 

M |j|<P ^ ^ 



where 



< P, 



M |j|<P 



j=ji!---j7v! and 



Ji I \ 3n 
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Therefore, the CP^-p-submodel holds if and only if 

J2'Bp,i;,[u\=^ for l<|j|<p, (8.5) 

namely 

J2'F,,, = 0. □ (8.6) 



By using the recursion formula of the generalized Bell polynomials ( |6.22|) 



we can construct an infinite number of conserved currents for the CP^-p- 
submodel similar to the p-submodel. 

Theorem 8.5. 

= ■ Fv-^-K,Fu,, : (/) (8.7) 

fc=0 

are conserved currents for the CP^ -p- submodel, where 
f = f{ui, ■ ■ ■ , Un, Ml, ■ ■ ■ ; "^A^) (iny function in C^-class. 

For example, 

V2,,{f) = F,,,{f)-F,^,{f) 

df _ . 

OUi OU 



i=l 



Hence, ( |8.7] ) is a generalization of (^4.21| ). 



8.3 Symmetries of the Higher-Order Grass- 
mann submodel 



As well as theorem |7.16| , we find that all the solutions of the CP^-p-submodel 



are functionally invariant. 



64 



Theorem 8.6. If Ui,--- ,un is a solution of the CP -p- submodel, then 
■ ■ ■ , ujv), ■ ■ ■ , /Ar(ui, ■ ■ ■ , un) is ttlso a solution of the CP^ -p- submodel, 
where /i, ■ ■ ■ , /at are any holomorphic functions. 

Proof: Suppose that Mi, ■ ■ ■ ,un is a solution of the CP-'^-p-submodel. 
By lemma ^.4| , the CP^-p-submodel is equivalent to 




(8.9) 



namely 




for 1 < I j I < P- 



(8.10) 



Therefore, by using of ( |6.24|) 



y^'^(p,0,-,0),j; M[f(u)] = ^ 5(p,0,-,0),n; mM^iiJ; ^[f] 




= for 1 < |j| <p. □ 
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